Clustering behavior is studied in a model of integrate-and-fire oscillators with excitatory pulse coupling. When considering a population of identical oscillators, the main result is a proof of global convergence to a phase-locked clustered behavior. The robustness of this clustering behavior is then investigated in a population of nonidentical oscillators by studying the transition from total clustering to the absence of clustering as the group coherence decreases. 
I. INTRODUCTION
The study of ensemble phenomena in neuroscience has been a leading source of reduced dynamical models that are amenable to mathematical analysis. One of the simplest such models is the leaky integrate-and-fire ͑IF͒ model: The dimensionless potential of an oscillatory neuron is assumed to obey the first order dynamics,
between a low threshold x r Ն 0 and a high threshold x p Ͼ x r . When the high threshold is reached, the neuron "fires," that is, the state variable is reset to the low threshold. Peskin 14 analyzed the model to study cells in the heart, assuming an impulsive coupling to simulate the interaction between cells: As a firing occurs, the state variable of every connected oscillator is either increased by a discrete value ⑀, or reset to x r if the incremented value exceeds the threshold value x p . In the last case, several oscillators fire together, causing an "absorption." In a seminal paper, Mirollo and Strogatz 12 proposed a global mathematical analysis of the model. They proved that asymptotic synchronization occurs for almost all initial conditions and showed that it is a consequence of the concavedown time-evolution of the solution of Eq. ͑1͒, thereby generalizing the synchronization property to the whole class of integrate-and-fire models verifying the "leaky" property dF / dx Ͻ 0, x ͓x r , x p ͔.
The present paper studies the same model under the reverse assumption of a concave-up time-evolution, or, equivalently, the property dF͑x͒ / dx Ͼ 0, x ͓x r , x p ͔. This model is shown to exhibit clustering behavior that nicely complements the synchronization behavior studied by Mirollo and Strogatz. The first part of the paper considers a population of identical oscillators. The behavior is then amenable to a complete analysis. It is shown that the oscillators aggregate into a ͑to be specified͒ number of clusters that asymptotically spread the entire range of the interval ͓x r , x p ͔ in a phase-locked configuration.
The second part of the paper considers a heterogeneous population of oscillators with different natural firing frequencies. The robustness of the clustering behavior is studied against a parameter that measures the group coherence. The transition from total clustering to the absence of clustering is investigated numerically. We report on preliminary observations regarding an interesting intermediate situation of partial clustering reminiscent of the partial synchronization observed in the Kuramoto model.
To the best of the authors' knowledge, both the analytical study of clustering in a population of identical IF oscillators and the numerical study of partial clustering are original, in spite of many contributions following the work of Mirollo and Strogatz. Networks of nonidentical oscillators were analyzed in Ref. 3 , with simplified models, and synchronization properties were studied. In Refs. 8 and 20, a transmission delay was taken into account and changed the system behavior. Other studies also dealt with different network topologies in which the coupling is no longer all-to-all. For instance, a ring topology was studied in Ref. 6 and, for nonidentical oscillators, some phase-locking behaviors were highlighted with the help of the phase response curve (PRC). Topologies of 2D lattices with nearest-neighbor coupling were also analyzed in Refs. 4 and 5. Also, in Refs. 19 and 21, the network connectivity was shown to have no influence on the stability of the synchronous state but have an effect on the speed of synchronization. Moreover, instead of an instantaneous impulsive coupling, smoothed pulses were considered. 1, 22, 23 We also mention the work 16 in which a model derived from the initial pulse-coupled model was used as a general clustering algorithm applied to data sets. This points to the existence of practical applications of clustering models in artificial systems.
The paper is organized as follows: Sec. II presents analytical characterization of clustering in networks of identical oscillators. The case of nonidentical oscillators is studied in Sec. III, in which some noticeable clustering phenomena, observed with simulations, are underlined. The paper closes with a discussion about the results ͑Sec. IV͒ and concluding remarks ͑Sec. V͒.
II. IDENTICAL OSCILLATORS

A. Model
We consider integrate-and-fire oscillators obeying the scalar dynamics
with F͑·͒ : ͓x r , x p ͔ ‫ۋ‬ R differentiable.
Concerning the coupling, we assume that it is all-to-all, with 0 Ͻ ⑀ Ͻ x p − x r . We also suppose that an absorbed oscillator has no influence on the others, i.e., it does not emit a pulse, before reaching the threshold again. For this reason, no "avalanche" phenomenon can ignite a chain reaction of additional firings. Additionally, when n oscillators fire simultaneously, the resulting pulse is always ⑀, and not n⑀. These last two assumptions will be discussed in Sec. IV.
An oscillator with dynamical model ͑2͒ has a natural period T Ͼ 0, i.e., the time required by the solution of ẋ = F͑x͒, x͑0͒ = x r , to reach the threshold x͑T͒ = x p . As observed by Mirollo and Strogatz, 12 the time evolution of the state x is conveniently described by the function
where the phase variable evolves on the normalized interval ͓0,1͔ with the normalized velocity
For the linear IF model ͑1͒, the function f is computed as
and its graph is shown in Fig. 1 . It is concave-down in the analysis of Mirollo and Strogatz, whereas it is concave-up in the present paper. Concavity of the function f is the defining property that determines the synchronization behavior studied in Ref. 12 versus the clustering behavior studied in the present paper.
B. Firing map
The firing map h introduced in Ref. 12 relates the phase difference of two coupled oscillators between successive firings: the state ͑0,͒ at the time of one firing is mapped to the state ͑h͑͒ ,0͒ at the time of the next firing, as illustrated in Fig. 2 .
From the figure, one computes
or, equivalently,
It should be noted that the firing map is defined by Eq. ͑7͒ The key property of the firing map is the following: Proposition 1: If f is concave-up, then the firing map (7) is a contraction on the interval ͓␦ ,1͔.
Proof: By construction, the application ͑7͒ maps the interval ͓␦ ,1͔ onto the interval ͓␣ ,1͔, with ␣ = f −1 ͑x r + ⑀͒. Next, we show that it satisfies
Differentiating Eq. ͑6͒ yields
Since fЈ is positive and strictly increasing, and because h͑͒ Ͼ 1− by construction, Eq. ͑9͒ implies Eq. ͑8͒. Using the mean value theorem, one has
for some ͓ , ͔, which concludes the proof. ᮀ By the contraction mapping theorem, a contraction has a unique fixed point * and this is a global attractor for the dynamics + = h͑͒. The value
determines the Lipschitz constant of the contraction.
It should also be noted that, since ␣ Ͼ ␦ by the contraction property of the firing map, an absorption never occurs after the first firing.
C. Two coupled oscillators
The dynamics of two coupled oscillators are easily deduced from the firing map because the return map
determines the phase evolution of one oscillator at the successive firings of the other oscillator. By Proposition 1, the return map is a contraction. Its iterates therefore asymptotically converge to the unique fixed point * of the firing map. The behavior of two coupled oscillators is thus summarized as follows:
Theorem 1: Consider two identical oscillators characterized by the concave-up time evolution f and coupling strength 0 Ͻ ⑀ Ͻ x p − x r . Then either absorption occurs at the first firing or both oscillators asymptotically converge to the phase-locked difference * , unique solution of h͑͒ = .
This result is in contrast with the synchronization result proved in Ref. 12 for concave-down functions f.
D. N oscillators
The analysis of the previous section is now extended to the behavior of N identical coupled oscillators with initial phases 1 , ... , N ͓0,1͔ N .
Absorption
The initial behavior in a ͑large͒ group of oscillators is typically dominated by the absorption phenomenon. Each firing oscillator absorbs nearby oscillators, causing the formation of N g clusters. The number of clusters N g is determined from the initial conditions as follows: The number of clusters resulting from the initial absorption phase is a positive integer bounded by
where the symbol refers to the integer part of its argument. From the algorithm, it is immediate to see that, if the initial conditions satisfy
then all the oscillators will be close enough such that they will all be absorbed by the first firing and form only one cluster. Conversely, if they are uniformly distributed-which occurs, in particular, for a high number of oscillators characterized by randomly distributed initial conditions-N g will be equal to C max . This maximal number of clusters is obtained when the clusters are separated by the minimal distance ⑀ over the full range x p − x r .
Phase-locking
Similar to the case of two oscillators, absorption only occurs during the first firings. The evolution of the N g resulting clusters is dictated by a ͑N g −1͒-dimensional generalization of the scalar firing map h studied in Sec. II B, 
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where i , 1Յ i Յ N g − 1 denotes the relative phase of cluster i with respect to cluster N g when N g fires. Whenever a cluster fires, it receives the index N g and the N g − 1 remaining clusters receive the index i according to the phase ordering N g =0Ͻ 1 Յ 2 Յ¯Յ N g −1 .
The firing map H͑⌽͒ then describes the new phases after the firing of cluster N g . The next result generalizes Proposition 1.
Theorem 2: If f is concave-up, then the
, and defining 0 = 0 =0,
or, by the mean value theorem,
In vector form, this means
with the diagonal matrix
We introduce the vector norm
which is positive definite since
for all x ͑0, ... ,0͒. The matrix P verifies
so that the norm has the property
Finally, one has
and, by Eq. ͑25͒, ʈH͑⌽͒ − H͑⌿͒ʈ P Յ ʈDʈ ϱ ʈ⌽ − ⌿ʈ P ͑27͒ which proves the result since, by Eq. ͑8͒, each entry of D is less than one. ᮀ It should be noted that the proof holds thanks to the particular chain structure of the dynamics ͑15͒. Indeed, this leads to the particular decomposition DL in Eq. ͑18͒, which is such that a unique norm-derived from a unique matrix P-is defined to express the contractive property ͑27͒.
The consequence of Theorem 2 is that the clustering behavior of N identical oscillators is a "simple" one: during an initial phase of absorption, the N oscillators aggregate to form N g clusters, according to the algebraic algorithm. Then, the N g clusters asymptotically converge to a phase-locked state determined by the unique fixed point of the firing map ͑15͒. This fixed point is a global attractor for the dynamics of the N g clusters.
III. NONIDENTICAL OSCILLATORS
The "simple" clustering and phase-locking behavior of identical oscillators is now investigated in a population of N different oscillators with natural frequencies f i =1/ T i , i ͕1, ... ,N͖, distributed around a mean frequency f 0 . The essential difference with the analysis in the previous section is in the absorption phenomenon. In a population of identical oscillators, absorption is irreversible and the number of absorptions is therefore finite. In contrast, in a population of nonidentical oscillators, different oscillators that fire together at one instant of time do separate afterwards. As a consequence, it is possible for one oscillator to be absorbed in different clusters at different time instants. It is therefore of interest to investigate the robustness of clustering and phaselocking-which are collective phenomena-to individual variations across the population.
A. Two oscillators
The analysis of two different interacting oscillators has been studied in Ref. 6 by means of the phase response curve ͑PRC͒, which is closely related to the firing map. The authors proved frequency locking when the frequencies are close enough such that both oscillators fire alternately ͑1:1 entrainment͒.
Because both oscillators are different, two distinct firing maps must be considered. For 1:1 entrainment, the two firing maps are applied alternately, resulting in the return map R 1 = h 1 ‫ؠ‬ h 2 for the first oscillator and in the return map R 2 = h 2 ‫ؠ‬ h 1 for the second oscillator. Both return maps are contraction maps for concave-up behaviors f 1 and f 2 , resulting in a unique phase-locked behavior described in Ref. 6 .
Other firing patterns exist for larger frequency differences between the two oscillators, each resulting in a differ-ent combination of the firing maps h 1 and h 2 . Each firing pattern corresponds to a different return map and results in a different phase-locked behavior.
This analysis suggests that a detailed description of the dynamics of a population of N different oscillators quickly become intricate as the number of oscillators grows.
B. Clustering behaviors in large populations
This section reports on numerical observations about the clustering behaviors of a ͑large͒ population of oscillators. We simulated the behavior of N = 100 linear IF oscillators with individual dynamics ẋ i = ␥x i + S i ͑␥ Ͼ 0͒, where the parameters S i , 1Յ i Յ N, are randomly selected in a fixed ͑Gaussian͒ distribution of mean ͑S i ͒ and standard deviation ͑S i ͒. The threshold parameters x r and x p were kept identical for all oscillators. Varying those parameters would affect the natural frequencies f i of the oscillators in a similar fashion as varying the parameters S i .
To study the robustness of clustering against the population heterogeneity, we kept a fixed distribution for the parameters S i ͑individual discrepancies͒ and a constant value for ⑀ ͑coupling strength͒, but we varied the parameter ␥ ͑identical for the N oscillators͒. The parameter ␥ is a key feature of the oscillators. It determines the curvature of f ͑see Fig. 1͒ and affects the relative importance of the coupling strength versus the frequency distribution.
To measure the level of clustering in the population, we computed the fraction of "traveling oscillators." In a population of identical oscillators, each oscillator is trapped in one of the N g clusters and converges to a phase-locked configuration. In a phase-locked configuration, each oscillator returns to a fixed position every N g firings. This clustering behavior is expected to persist in a population of nonidentical oscillators, at least if the frequency distribution is sufficiently narrow ͑or if the coupling strength is strong enough͒. The clustering configuration is clearly visible in Fig. 3 , which nevertheless presents a situation of significant heterogeneity. Each cluster spreads over a finite range due to the oscillators discrepancies. This "snapshot" clustering configuration at one time instant does not preclude oscillator exchanges between the clusters as time evolves.
An oscillator trapped within a single cluster will return close to its initial position every N g firings. In contrast, a traveling oscillator will visit all clusters. Its state evolution after N g firing will therefore drift across the entire phase range. Figure 4 illustrates the fraction of traveling oscillators as a function of the parameter ␥. It is a qualitative measure of the clustering level of the population. Beyond a critical value ␥ c , the coherence of the population is sufficient to recover a phase-locked clustering similar to the situation of identical oscillators. Each oscillator is eventually trapped in one given cluster and fires at the frequency of the fastest oscillator of the cluster. The absorption phenomenon dominates the individual discrepancies and the network asymptotically converges to a phase-locked configuration. This situation of total clustering is illustrated in Fig. 5 . The steady state position of each oscillator is fixed ͑every N g firings͒ and the clustering is clearly visible. The range of each cluster gradually broadens as the elapsed time increases since the last absorption.
For smaller values of ␥, the fastest oscillators travel fast enough to catch up a different cluster before the next absorption. This situation of partial clustering is illustrated in Fig.   FIG. 3 
037122-5
Clustering behaviors of IF oscillators Chaos 18, 037122 ͑2008͒ 6. Out of the 100 oscillators, only two of them are traveling ͑oscillator 17 and 91 in the figure͒. The 98 remaining ones stay in a fixed cluster in steady state. Because the speed of a cluster is determined by its fastest oscillator, the drift of the two traveling oscillators modifies the speed of the clusters and therefore also affects the exact location of a given oscillator every N g firings. Nevertheless the cluster behavior is still very visible. The partial clustering displayed in Fig. 6 is remarkably robust and extends over a broad range of the parameter ␥. Other simulations ͑not shown͒ consistently display the phenomenon of ͑very͒ few traveling oscillators persisting over a broad range of the coherence parameter ␥. Below a critical value ␥ nc , the number of traveling oscillators rapidly increases and leads to a situation of weak clustering illustrated in Fig. 7 . A large fraction of the oscillators travels across the different clusters and the clustering behavior becomes less visible. As the fraction of traveling oscillators increases, the clustering behavior disappears. Figure 4 ͑and other simulations not shown͒ suggests that the transition from partial clustering ͑very few traveling oscillators͒ to no clustering ͑most oscillators traveling͒ occurs over a narrow range of the parameter ␥, but in a nonmonotonic way and with strong fluctuations.
C. Periodic behaviors
The periodicity of the steady state is an indirect measure of the level of clustering. Total clustering ͑␥ Ͼ ␥ c ͒ leads to a firing period T f = N g for all oscillators since a same phaselocked configuration is recovered every N g firings.
Partial clustering considerably increases the periodicity of the steady-state because the exchanges between clusters affect the firing frequency of each cluster. With a single traveling oscillator, the firing period will still depend on N g but verifies
where N f + 1 is the number of firings of the traveling oscillator needed to visit every other clusters and return to the initial one ͑N f +1Ն N g ͒. The number N f corresponds to the number of firings of a nontraveling oscillator, which fires one time less than the traveling oscillator over a period T f . The firing mode is thus
The firing period further increases with the number of traveling oscillators. For instance, two traveling oscillators need N f 1 + 1 and N f 2 + 1 firings, respectively, to visit all the clusters and return to their initial ones. But these numbers actually depend on the relative position of the traveling oscillators. Periodicity of the firing patterns will require the existence of integers n and m such that the traveling period of both oscillators agree, i.e.,
The total firing period will then be
The adjustment of the traveling periods N f 1 and N f 2 to commensurable periods is not always observed and may lead to very long total periods. Table I illustrates the variation of the period as a function of the parameter ␥ in a population of oscillators with a narrow frequency distribution. Only 2 out of the 100 oscillators are traveling for the range of parameter ␥ ͓0.05, 0.35͔ ͑partial clustering͒. Nevertheless the total period of the firing pattern becomes very large for small values of ␥. It could not be computed for the value ␥ = 0.05 even though only two oscillators are traveling. These numerical observations emphasize that partial clustering may occur over a broad range of the coherence parameter ͑weak clustering was never observed numerically in the example of Table I͒ but does not necessarily imply periodicity of the firing patterns. 
IV. DISCUSSION
The clustering behavior studied in this paper results from the competition between two coupling phenomena. Absorption of nearby oscillators by a firing oscillator is a local phenomenon favoring local aggregation into clusters. In contrast, the nature of the coupling to distant oscillators is a global phenomenon favoring the dispersion of oscillators over the entire range of state variables.
In a population of similar oscillators, the competition of the two phenomena results in phase-locked clusters covering the full circle. This is in contrast with the previous study by Mirollo and Strogatz 12 where the nature of the coupling is reversed, leading to global synchronization under the concurring effects of local and global aggregation.
In our mathematical analysis, the aggregating or dispersing nature of the coupling is determined by the concavity of the time evolution function f ͑Fig. 1͒. Concave-up functions lead to clustering while concave-down functions lead to synchronization. "Leaky" integrators lead to concave-down functions and may be more plausible from a biological viewpoint. But concave-up functions may be relevant also, as well as functions that are neither concave-up nor concavedown ͑for instance, the quadratic integrate-and-fire model introduced in Ref. 7͒ .
Furthermore, the clustering behavior studied in the present paper is very close to the behavior of inhibitory networks of leaky oscillators studied in Ref. 23 . Although inhibitory coupling requires nonimpulsive coupling, the model in Ref. 23 exactly exhibits-in the limit of fast coupling, i.e., as the coupling function converges to a Dirac impulsion-the two distinct behaviors described in the present paper: Synchrony for excitatory coupling and clustering for inhibitory coupling. ͑Reference 23 only considers networks of identical oscillators.͒ An important assumption of the model is that it excludes the possibility of "avalanche" firing: The firing of one oscillator causes the absorption of oscillators near-threshold, but the absorbed oscillators have no influence on the network. Furthermore, firing clusters have the same influence as firing ͑isolated͒ oscillators, that is, a firing cluster triggers a pulse ⑀, and not N g ⑀. This assumption simplifies the mathematical analysis of the model and precludes the trivial behavior of global synchronization by avalanche. Avalanche synchronization would almost surely occur in a large population of oscillators. "Large" values of ⑀ may however be thought as the cumulative effect of several oscillators firing together.
The model of the present paper only considers a complete network topology ͑"all-to-all" coupling͒. It would certainly be of interest to study the influence of more complex network architectures on the clustering behavior. Since the clusters are created by the aggregation of oscillators which are absorbed by the firing of one oscillator, only connected oscillators will aggregate in a cluster. The number N g and the composition of the clusters therefore depend not only on the initial conditions but also on the network connectivity. In particular, the number of clusters N g may exceed the maximum value C max given by Eq. ͑13͒ if the coupling is not "all-to-all" anymore. Furthermore, the clustering behavior may disappear in weakly connected networks by lack of local aggregation. Numerical simulations suggest that the clustering configurations are preserved if the network connectivity is sufficiently high. In such situations, the network connectivity only affects the speed of convergence to clustering configurations, as shown in Ref. 21 .
V. CONCLUSION
Mirollo and Strogatz studied in Ref. 12 the synchronization of ͑identical͒ integrate-and-fire oscillators with impulsive coupling. The main assumption in their analysis was a concave-down time evolution f of the state of the oscillators, corresponding to the "leaky" nature of integrators. In the present paper, we studied the same model with the reverse assumption of concave-up time evolution f. Whereas the original model leads to synchronization behaviors, the present model leads to clustering behavior.
The clustering behavior of networks of identical oscillators has been completely characterized. After a transient part of clustering resulting from the absorption by a firing oscillator of oscillators near threshold, the clusters asymptotically converge to a phase-locked configuration that covers the entire phase range. This total clustering configuration was shown to persist in populations of different oscillators provided that the coherence is sufficient ͑minor differences or strong coupling͒. Stronger differences between the individual frequencies allow for exchanges between the clusters even though the situation of very few oscillators traveling between Firing period and values N f1 and N f2 for various values of the coherence parameter ␥ with N = 100, ͑S i ͒ =1, ͑S i ͒ = 0.1, x r =0, x p =1, ⑀ = 0.11. In the current case, the number of clusters N g =9. 
